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ABSTRACT
In this paper, we discuss dynamical instability of charged dissipative cylinder under
radial oscillations. For this purpose, we follow the Eulerian and Lagrangian approaches
to evaluate linearized perturbed equation of motion. We formulate perturbed pressure
in terms of adiabatic index by applying the conservation of baryon numbers. A vari-
ational principle is established to determine characteristic frequencies of oscillation
which define stability criteria for gaseous cylinder. We compute the ranges of radii
as well as adiabatic index for both charged and uncharged cases in Newtonian and
post-Newtonian limits. We conclude that dynamical instability occurs in the presence
of charge if the gaseous cylinder contracts to the radius R∗.
Key words: Gravitational collapse– Instability– Electromagnetic field.
1 INTRODUCTION
A comprehensive study of collapsing systems and structure
formation of self-gravitating objects reveal interesting phys-
ical perspectives. Charged self-gravitating objects may un-
dergo various evolutionary phases during gravitational col-
lapse that results into charged black holes or naked singular-
ities. The stability of these solutions under fluctuations has
remarkable significance in general relativity (GR). Initially,
any stable system remains in state of hydrostatic equilibrium
unless its own gravity overcomes the pressure which causes
the matter to collapse. The collapsing system contracts to
a point under the influence of its own gravity leading to
compact objects.
The dynamical instability of massive stars can be stud-
ied in Newtonian as well as post-Newtonian (pN) regimes
(Ayal et al. 2001; Marek et al. 2006). This provides a plat-
form to evaluate ranges of deviation and level of consistency
between GR and Newton gravity. The analysis becomes
ambiguous in strong-field regimes due to non-linear terms,
hence the weak-field approximation schemes are used as an
effective tool. Chandrasekhar (1964) was the pioneer who
discussed the concept of dynamical instability of gaseous
sphere by taking Newtonian perfect fluid in terms of adi-
abatic index. He followed Eulerian approach for linearized
perturbed hydrodynamic equations and established a varia-
tional principle to find characteristic frequencies in Newto-
nian and pN limits. He also studied dynamical stability of
sphere under radial and non-radial oscillations at pN limit
(Chandrasekhar 1965).
⋆ E-mail: msharif.math@pu.edu.pk (MS)
† sadiamumtaz17@gmail.com(SM)
Herrera et al. (1989) investigated dynamical instabil-
ity of spherical system under perturbations by taking non-
adiabatic fluid and found that the instability range increases
in Newtonian limit but decreases in pN limit. Later, many
researchers explored the influence of various physical pa-
rameters on the dynamical instability of self-gravitating
systems under radial/non-radial perturbations (Chan et al.
1994; Nunez et al. 2007; Sharif & Azam 2012). There has
also been an extensive literature on the study of cylin-
drical gravitational collapse with and without electromag-
netic field (Sharif & Ahmad 2007; Di Prisco et al. 2009;
Sharif & Abbas 2011). Sharif & Azam (2013) studied dy-
namical instability of anisotropic collapsing cylinder in the
context of expansion-free model.
It is well-known that various physical aspects of matter
distribution play substantial role in the dynamical evolu-
tion of self-gravitating systems. A star requires more elec-
tromagnetic charge for its stability in a strong gravita-
tional field. The dynamical instability of collapsing sys-
tems in the presence of electromagnetic field has a pri-
mordial history starting with Rosseland (Rosseland 1924).
Stettner (1973) discussed the role of surface charge in in-
creasing stability of system with uniform density. Glazer
(1976) studied dynamical stability of sphere under ra-
dial pulsations in the presence of electric charge. Ghezzi
(2005) found that neutron stars having charge greater than
the extreme value would explode. Sharif & Azam (2012);
Sharif & Bhatti (2013); Sharif & Mumtaz (2016) studied
the influence of electric charge on dynamical instability of
collapsing systems at Newtonian and pN regimes.
In this paper, we study the impact of electromag-
netic field on dynamical instability of cylindrically symmet-
ric collapsing system by following Chandrasekhar approach
c© 2017 RAS
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(Chandrasekhar 1964). The format of the paper is as follows.
In section 2, we provide some basic equations and matter
distribution for cylindrical geometry. Section 3 deals with
equations of motion under radial oscillations following the
Eulerian approach. We also formulate perturbed pressure
and adiabatic index in terms of Lagrangian displacement by
using conservation of baryon number. Section 4 is devoted
to find conditions for dynamical instability of homogeneous
cylinder. Finally, we conclude our results in the last section.
2 FIELD EQUATIONS AND MATTER
CONFIGURATION
We consider a cylindrically symmetric system in the interior
region given by
ds2 = −A2(t, r)dt2 +B2(t, r)dr2 +C2(t, r)dθ2 + dz2, (1)
where the following restrictions on coordinates are taken to
preserve symmetry
−∞ < t <∞, 0 6 r <∞, 0 6 θ 6 2pi, −∞ < z <∞.
The corresponding Einstein field equations are given by
8piG
c4
T 00 =
1
B2
{
C′′
C
− B
′C′
BC
}
− B˙C˙
A2BC
, (2)
8piG
c4
T 11 =
1
A2
{
A˙C˙
AC
− C¨
C
}
+
A′C′
AB2C
, (3)
8piG
c4
T 22 =
1
AB
{
A′′
B
− B¨
A
+
A˙B˙
A2
− A
′B′
B2
}
, (4)
8piG
c4
T 33 =
A′′
AB2
− B¨
A2B
+
A˙B˙
A3B
− A
′B′
AB3
+
A˙C˙
A3C
− C¨
A2C
− B
′C′
B3C
+
C′′
B2C
+
A′C′
AB2C
− B˙C˙
A2BC
, (5)
8piG
c4
T 10 =
1
B2
{
A′C˙
AC
+
B˙C′
BC
− C˙
′
C
}
, (6)
where dot and prime denote derivatives with respect to t and
r, respectively. The matter source is assumed to be locally
charged dissipative perfect fluid defined by
T µν = (σ+p)u
µuν+pδ
µ
ν+q
µuν+qνu
µ+
1
4pi
[FνρF
µρ−1
4
δµνFρλF
ρλ],
(7)
where p is the isotropic pressure, σ is the energy density, Fµρ
is the Maxwell field tensor, uµ = dx
µ
ds
and qµ represent four
velocity and radial heat flux, respectively satisfying qµu
µ =
0. Also, we have
uµ = A−1δµ0 , q
µ = qδµ1 , u
µuµ = −1.
We can define the electromagnetic field tensor in terms
of four potential as Fµν = Φν;µ − Φµ;ν , which satisfies the
Maxwell field equations
Fµν;ν = 4piJ
µ, F[µν,ρ] = 0,
where Jµ = ρ˜uµ is the four current. The conservation equa-
tion, Jµ;µ = 0, yields
Q(r) = 4pi
∫ r
0
ζBCdr,
which is the total amount of charge within cylinder. We
define the electric field intensity as
E(t, r) =
Q(r)
2piC
. (8)
The conservation of energy-momentum tensor leads to the
following relations
∂T 00
∂t
+
∂T 01
∂r
+
B˙
B
(
T 00 − T 11
)
+ T 10
(
B′
B
+
A′
A
)
= 0, (9)
∂T 01
∂t
+
∂T 11
∂r
+
A′
A
(
T 11 − T 00
)
+
(
A˙
A
+
B˙
B
)
T 01 = 0, (10)
where T 10 = −A
2
B2
T 01 . The components of energy-momentum
tensor are
T 00 = −σ + pi2E
2, T 11 = p+
pi
2
E2, T 22 = T
3
3 = p− pi2E
2.
In hydrostatic equilibrium, all the quantities governing
motion remain time independent. In this context, Eqs.(2),
(3) and (10) become
d
dr
(
C′0
B0
)
=
8piG
c4
B0C0
(
−σ0 + piE
2
2
)
, (11)
dA0
dr
dC0
dr
=
8piG
c4
A0B
2
0C0
(
p0 +
piE2
2
)
, (12)
(σ0 + p0)
dA0
dr
= −A0 d
dr
(
p0 +
piE2
2
)
, (13)
where zero suffix describes equilibrium state of the surface
stresses. We also have a useful relation through Eqs.(2) and
(3) given by
8piG
c4
(p0+σ0) =
1
A0C0
{
1
B20
dA0
dr
dC0
dr
}
− 1
B0C0
{
d
dr
(
C′0
B0
)}
.
(14)
We take the exterior region for cylindrically symmetric
spacetime in retarded time coordinate ν defined as
ds2 = −
(
−2GM
Rc2
+
GQ2
R2c4
)
dν2 − 2dνdR
+ R2(dθ2 + α2dz2), (15)
where α is an arbitrary constant andM is the total mass. We
choose the Schwarzschild coordinate as C = r (Azam et al.
2016). Thorne (1935) defined C-energy for cylindrically sym-
metric spacetime in the form of mass function given by
m(r) =
1
8
[
1− 1
B20
]
+ 2pi2rE2. (16)
Differentiating this equation and using Eq.(3), we have
dm
dr
=
2pirG
c4
σ0 − rpi
2GE2
c4
+
d
dr
(2pi2rE2), (17)
whose integration leads to
m(r) =
2piG
c4
∫ r
0
rσ0dr − G
4c4
∫ r
0
Q2
r
dr +
Q2
2r
. (18)
The equation for hydrostatic equilibrium can be obtained as
dp0
dr
+
G(8pir2p0 +Q
2)
rc4(1− 8m+ 4Q2) −
rQQ′ −Q2
4pir3
= 0. (19)
3 EQUATIONS GOVERNING RADIAL
OSCILLATIONS
In this section, we study dynamical characteristics of gaseous
mass undergoing radial oscillations. The non-vanishing com-
c© 2017 RAS, MNRAS 471, 1215–1221
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ponents of four velocity can be written as
u0 =
1
A0
, u0 = −A0, u1 = v
A0
, u1 =
B20
A0
v, (20)
where v = dr
dt
corresponds to the radial velocity compo-
nent. We can evaluate these components with respect to
spacetime coordinates by taking ui = dx
i
ds
. We perturb an
equilibrium configuration in such a way that its cylindrical
symmetry does not change. The perturbed state with linear
terms yields
A = A0 + δA, B = B0 + δB, p = p0 + δp, σ = σ0 + δσ,
Q = Q0 + δQ, q = q0 + δq. (21)
We apply the Eulerian approach (Chandrasekhar 1965) for
perturbations through which the corresponding linearized
forms (governing the radial perturbations) of Eqs.(11) and
(12) turn out to be
1
r
∂
∂r
(
δB
B30
)
=
8piG
c4
(
δσ − Q0δQ
4pir2
)
, (22)
8piG
c4
(
δp+
Q0δQ
4pir2
)
=
1
rA0B20
∂
∂r
(
∂
∂r
δA− 2δB
B0
dA0
dr
)
,
(23)
where δA, δB, δσ, δp and δQ define the Eulerian changes.
The linearized form of Eqs.(6) and (10) can be appropriately
written as
1
rB30
∂
∂t
δB = −8piG
c4
[(p0 + σ0)v + δq] , (24)
(p0 + σ0)
(
B0
A0
)2
∂v
∂t
+
∂
∂r
δp+
1
A0
(p0 + σ0)
∂
∂r
δA
+
1
A0
(δp+ δσ)
dA0
dr
+
1
4pir2
∂
∂r
(Q0δQ)− 1
2pir3
Q0δQ
+ [(p0 + σ0)v − q0]
(
B0
A0
)2 [
1
A0
∂
∂t
δA+
1
B0
∂
∂t
δB
]
= 0.
(25)
Let us introduce a Lagrangian displacement “η” such
that v = ∂η
∂t
. Integration of Eq.(24) gives
1
B30r
δB = −8piG
c4
(p0 + σ0)η +
∫
δqdt, (26)
which leads to
− 1
B0
δB =
1
A0
dA0
dr
+
1
B0
dB0
dr
. (27)
Solving Eqs.(22) and (26), we have
δσ = −ηdσ0
dr
− η dp0
dr
− 1
r
(p0 + σ0)
∂
∂r
(rη) +
Q0
4pir2
δQ, (28)
which, in accordance with Eq.(13), yields
δσ = −η dσ0
dr
− A0
r
(p0 + σ0)
∂
∂r
[
rη
A0
]
− η
8pi
d
dr
[
Q2
r4
]
+
Q0
4pir2
δQ. (29)
Substituting δB from Eq.(26) in (23), we have
1
rA0B20
∂
∂r
δA =
8piG
c4
[
δp− 2(p0 + σ0)η
A0
dA0
dr
]
+
2GQ0
r2c4
δQ
− 16piG
c4A0
dA0
dr
∫
δqdt, (30)
which, through Eq.(14), becomes
(p0 + σ0)
∂
∂r
δA =
dA0
dr
+
A0
B0
dB0
dr
[
δp− 2
A0
dA0
dr
{(p0 + σ0)η
+
∫
δqdt
}
+
Q0
4pir2
δQ
]
. (31)
Now we consider time dependent perturbations ηeiωt,
where ω and η represent characteristic frequency and La-
grangian displacement, respectively, which associate fluid
elements in equilibrium with the perturbed configuration.
These equations are time dependent due to their natural
modes of oscillations. We can rewrite Eq.(25) by taking
δA, δB, δp, δσ, δq and δQ as time dependent amplitudes
of the respective quantities as
ω2η(p0 + σ0)
(
B0
A0
)2
=
d
dr
δpδ + δp
[
2
A0
dA0
dr
+
1
B0
dB0
dr
]
+
1
A0
δσ
dA0
dr
− 2
A0
[
(p0 + σ0)η +
∫
qdt
] [
1
A0
dA0
dr
+
1
B0
dB0
dr
]
+
Q0δQ
4pir2
[
1
A0
dA0
dr
+
1
B0
dB0
dr
− 2
r
]
+ [(σ0 + p0)v − q0]
×
(
B0
A0
)2 [
1
A0
∂
∂t
δA+
1
B0
∂
∂t
δB
]
. (32)
The Conservation of Baryon Number
The study of perturbed pressure in terms of Lagrangian dis-
placement requires an additional assumption through which
one can discuss physical aspects of gaseous mass undergo-
ing adiabatic radial oscillations. In this context, the required
assumption can be justified by the conservation of baryon
numbers as (Nuj);j = 0, or
∂
∂xj
(Nuj) +Nuj
∂
∂xj
ln
√−g = 0, (33)
where N is the baryon number per unit volume. It plays a
substantial role in the evolution of various cosmic models.
According to this law, the total number of particles will re-
main conserved during the fluid flow. The change in particle
numbers occurs due to the loss or gain of net fluxes. We
consider a fluid which satisfies this identity. Equation (33)
through (20) gives
∂
∂t
(
N
A0
)
+
∂
∂r
(
Nv
A0
)
+
Nv
A0
[
1
A0
∂A
∂t
+
1
B0
∂B
∂t
]
+
Nv
A0
[
1
A0
∂A
∂r
+
1
B0
∂B
∂r
+
1
r
]
= 0. (34)
We take a perturbation of the form
N = N0(r) + δN(r, t), (35)
such that Eq.(34) with linear terms in v yields
1
r2
d
dr
(
N0r
2v
A0/2
) +
1
A0
∂
∂t
δN +
N0
A0B0
∂
∂t
δB +
N0v
A0B0
dB0
dr
= 0, (36)
whose integration leads to
1
A0
δN +
1
r2
d
dr
(
N0r
2η
A0
)
+
N0
A0B0
[
δB + η
dB0
dr
]
= 0. (37)
Using Eq.(27), it follows that
δN = N0
[
η
A0
dA0
dr
− rB20
∫
δqdt
]
−η dN0
dr
−N0A0
r2
∂
∂r
(
r2η
A0
)
= 0.
(38)
c© 2017 RAS, MNRAS 471, 1215–1221
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We assume an equation of state of the form
N = N(σ, p). (39)
Using Eqs.(29) and (38), we have
δp = −η dp0
dr
− p0ΓA0
r
∂
∂r
(
rη
A0
)
+ β, (40)
where
β =
1
∂N/∂p
[
1
4pi
∂N
∂σ
{
η
2
d
dr
(
Q2
r4
− Q0δQ
r2
)}
+ N0
{
η
A0
dA0
dr
− rB20
∫
δqdt
}]
,
and Γ represents the adiabatic index defined by
Γ =
1
p(∂N/∂p)
{
N − (σ + p)∂N
∂σ
}
, (41)
which estimates the fluid stiffness and describes the pressure
and density fluctuations.
4 PULSATION EQUATION AND
VARIATIONAL PRINCIPLE
The linear pulsation is related to different modes of pertur-
bations applied to equilibrium cylindrical configuration and
their oscillation frequencies. Inserting δσ and δp in Eq.(32),
we have
ω2B20(p0 + σ0)η = − ddr
(
η
dp0
dr
)
− η dp0
dr
[
2
A0
dA0
dr
+
1
B0
dB0
dr
]
− 1
A0
dA0
dr
[
2(p0 + σ0)η
{
1
A0
dA0
dr
+
1
B0
dB0
dr
}
+
1
r
∂
∂r
{r(p0 + σ0)η}
]
− d
dr
(
p0Γ
A0
r
∂
∂r
(
ηr
A0
)
+ β
)
−
[
2
A0
dA0
dr
+
1
B0
dB0
dr
]
×
[
p0Γ
A0
r
∂
∂r
(
ηr
A0
)
+ β
]
− 2
A0
dA0
dr
[
1
A0
dA0
dr
+
1
B0
dB0
dr
] ∫
δqdt+
Q0δQ
4pir2
[
1
A0
dA0
dr
+
1
B0
dB0
dr
− 2
r
]
.
(42)
Substituting dp0
dr
from Eq.(13), this leads to
ω2B20 =
1
A0
[
d2A0
dr2
− 1
B0
dB0
dr
+
1
r
dA0
dr
]
− η
8pi
d2
dr2
(
Q2
r2
)[
2
A0
dA0
dr
1
B0
dB0
dr
]
+
η
8pi
d
dr
(
Q2
r2
)
− d
dr
[
p0Γ
A0
r
∂
∂
(
ηr
A0
+ β
)]
−
[
p0Γ
A0
r
∂
∂
(
ηr
A0
+ β
)]
×
[
2
A0
dA0
dr
+
1
B0
dB0
dr
]
− 2
A0
dA0
dr
q˜
[
2
A0
dA0
dr
+
1
B0
dB0
dr
]
−Q0δQ
4pir2
[
1
A0
dA0
dr
+
1
B0
dB0
dr
− 2
r
]
, (43)
where
∫
δqdt = q˜. Using Eqs.(6) and (13), we have
ω2B20(p0 + σ0)η =
8piG
c4
p0B
2
0(p0 + σ0)
+
η
r
[
dp0
dr
+
1
8pi
d
dr
(
Q2
r2
)]
− η
8pi
d2
dr2
(
Q2
r2
)
+
η
8pi
d
dr
(
Q2
r2
)[
2
A0
dA0
dr
+
1
B0
dB0
dr
]
− d
dr
[
p0Γ
A0
r
∂
∂r
(ηrA0) + β
]
− 2
A0
dA0
dr
q˜
×
[
1
A0
dA0
dr
+
1
B0
dB0
dr
]
+
Q0δQ
4pir2
[
1
A0
dA0
dr
+
1
B0
dB0
dr
− 2
r
]
, (44)
which is the required pulsation equation satisfying the
boundary conditions
η = 0, r = 0, δp = 0, r = R.
Taking the product of pulsation equation with ηr2A0B0 and
integrating over values of r, it yields a characteristic value
problem for ω2 as
ω2
∫ R
0
r2η2AB3(p+ σ)dr =
8piG
c4
∫ R
0
p(p+ σ)r2η2AB3dr
+
∫ R
0
rη2AB
[
dp
dr
+
1
8pi
d
dr
(
Q2
r2
)]
dr −
∫ R
0
r2η2
dp
dr
×AB
(
pΓ
A
r
d
dr
(ηr
A
)
+ β
)
dr −
∫ R
0
r2η2AB
[
pΓ
A
r
× d
dr
(ηr
A
)
+ β
] [
1
A
dA
dr
+
1
B
dB
dr
]
dr − 2
∫ R
0
r2Bη
dA
dr
×q˜
[
1
A
dA
dr
+
1
B
dB
dr
]
dr +
1
8pi
∫ R
0
Q0ABηδQ
[
1
A
dA
dr
+
1
B
dB
dr
− 2
r
]
dr. (45)
We can define the orthogonality relation associated with this
equation as∫ R
0
AB3r2(p+ σ)η(i)η(j) = 0, (i 6= j), (46)
where η(i) and η(j) provide proper solutions corresponding
to different characteristic values of ω2. The study of dynam-
ical instability of a star requires that the right-hand side
of Eq.(45) must vanish by choosing a trial function ξ that
satisfies the given boundary conditions.
In the following, we evaluate conditions for dynamical
instability by taking a homogeneous model.
The Homogeneous Model of Cylinder
We study the conditions for dynamical instability of a ho-
mogeneous cylinder with constant energy density. Equations
(18) and (19) governing the hydrostatic equilibrium allow
the integration such that we can write (Chandrasekhar 1964)
y2 = 1− r
a2
+
b2
r2
, y21 = 1− R
a2
+
b2
R2
, (47)
where a2 = c
4
2πGσ
and b2 = GQ
2(1−2c2)
2c4
. We can determine
solutions of the relevant physical quantities in terms of y
and y1 as
p = σ
y − y1
3y1 − y , A
2 =
1
4
[3y1 − y]2, B2 = 1
y2
. (48)
For positivity of pressure, we have 3y1 > 1 which yields
R
a2
− b
2
R2
<
1
9
.
c© 2017 RAS, MNRAS 471, 1215–1221
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Using the inertial mass, this leads to
R > 9
(
2GM
c2
− GQ
2
Rc4
)
= 9R∗, (49)
where R∗ is the limiting radius for charged cylinder. Insert-
ing the above physical quantities in Eq.(45), it follows that
2aω2y1
∫ ξ1
0
ξ2η2
y3
dξ = 6y1
∫ ξ1
0
y − y1
y3(3y1 − y)2 ξ
2η2dξ
+
3
2a
∫ ξ1
0
3y1 − y
y
ξη2
d
dξ
[
y − y1
3y1 − y +
G
3ac4
d
dξ
(
Q2
ξ2
)]
dξ
−1
2
∫ ξ1
0
ηξ2
3y1 − y
y
d
dξ
[
y − 3y1
a3ξ
Γ
∂
∂ξ
(
ηξ
3y1 − y
)
+
3c4β
8piG
]
dξ
−a
2
2
∫ ξ1
0
ξ2η
3y1 − y
y
[
y − y1
aξ
Γ
∂
∂ξ
(
ηξ
3y1 − y
)
+
3c4β
8piG
]
×
[
2
3y1 − y
d
dξ
(3y1 − y) + y d
dξ
(
1
y
)]
dξ − 3ac
4
8piG
∫ ξ1
0
ηξ2
y
q˜
× d
dξ
(3y1 − y)
[
1
3y1 − y
d
dξ
(3y1 − y) + y d
dξ
1
y
]
dξ
+
3c4
(8pi)2G
∫ ξ1
0
Q0ξδQ
3y1 − y
2y
[
2
3y1 − y
d
dξ
(3y1 − y) + y d
dξ
1
y
]
dξ,
(50)
where ξ = r
a
, ξ1 =
R
a
− b
R
and Γ is taken to be constant.
We consider a trial function
η = ξA =
1
2
ξ(y1 − y), (51)
such that Eq.(50) becomes
aω2y1
2
∫ ξ1
0
ξ4(3y1 − y)2
y3
dξ =
3y1
2a
×
∫ ξ1
0
ξ4(y − y1)(3y1 − y)
4y3
dξ +
3
2a
∫ ξ1
0
ξ3(3y1 − y)3
2y
× d
dξ
[
y − y1
3y1 − y +
G
3ac4
d
dξ
(
Q2
ξ2
)]
dξ − 1
4
∫ ξ1
0
ξ3(3y1 − y)2
y
× d
dξ
[
y − 3y1
a3ξ
Γ
∂
∂ξ
(
ξ2
2
)
+
3c4β
8piG
]
dξ − a
2
4
∫ ξ1
0
ξ3
× (3y1 − y)
2
y
[
y − y1
aξ
Γ
∂
∂ξ
(
ξ2
2
)
+
3c4β
8piG
]
×
[
2
3y1 − y
d
dξ
(3y1 − y) + y d
dξ
(
1
y
)]
dξ
− 3ac
4
16piG
∫ ξ1
0
ξ3(3y1 − y)
y
q˜
d
dξ
(3y1 − y)
×
[
1
3y1 − y
d
dξ
(3y1 − y) + y d
dξ
1
y
]
dξ
+
3c4
(16pi)2G
∫ ξ1
0
Q0ξδQ
(3y1 − y)2
y
×
[
2
3y1 − y
d
dξ
(3y1 − y) + y d
dξ
1
y
]
dξ. (52)
Inserting y = cos θ and ξ = sin θ in the above equation, we
have
(aω)2 cos θ1
2
∫ θ1
0
sin4 θ
cos2 θ
(3 cos2 θ1 − cos θ)2dθ = 3 cos θ1
2
×
∫ θ1
0
sin4 θ
cos2 θ
[4 cos θ cos θ1 − 3 cos2 θ1 cos2 θ]dθ
Table 1: Adiabatic Index and Radii for Homogeneous
Cylinder
θ1 R/R∗ Γc for Q = 0.4
0o 10.364 -4.365
10o 33.163 2.894 × 107
20o 8.549 3× 107
30o 4.000 23647.19
40o 2.4203 131557
50o 1.704 87550
60o 1.333 118265.5
+
3
4
∫ θ1
0
(3 cos θ1 − cos θ)3 sin
3 θ
cos θ
d
dθ
[
cos θ − cos θ1
3 cos θ1 − cos θ
−2GQ
2
3ac
1
sin3 θ
]
dθ − a
4
∫ θ1
0
(3 cos θ1 − cos θ)2 sin
3 θ
cos θ
× d
dθ
[
cos θ1 − cos θ
a3 sin4 θ
Γ +
3c4β
8piG
]
dθ
−a
3
4
∫ θ1
0
(3 cos θ1 − cos θ)2 sin3 θ
[
cos θ − cos θ1
a
Γ
+
3c4β
8piG
] [
2 sin θ
cos θ(3 cos θ1 − cos θ) + tan θ sec θ
]
dθ
− 3ac
4
16piG
∫ θ1
0
sin3 θ
cos θ
(3 cos θ1 − cos θ)q˜ d
dθ
(3 cos θ1 − cos θ)
×
[
sin θ
cos θ(3 cos θ1 − cos θ) + tan θ sec θ
]
dθ +
3c4β
(16pi)2G
×
∫ θ1
0
Q0δQ sin θ(3 cos θ1 − cos θ)2
×
[
2 sin θ
cos θ(3 cos θ1 − cos θ) + tan θ sec θ
]
dθ, (53)
where θ1 = sin
−1
(
R
a
− b
R
)
. By taking ω2 = 0 and solving
the integrals, we find exact condition for marginal stabil-
ity. We evaluate the values of Γc for θ such that Γ 6 Γc
for the existence of dynamical instability. We also consider
Newtonian limit which implies that the resulting criteria for
marginal stability is Γ > − 9
8
− 81Q2
4
. We compute Γ and
radii of marginal stability for homogeneous gaseous cylin-
der corresponding to Q = 0.4 and q = 0.5 which exhibit
finite values of Γ in Newtonian and pN limits. We note that
R
R∗
remains positive for Γ > 0 showing marginal stability of
gaseous cylindrical model in pN limit. The respective results
are given in Table 1.
The perturbation diverges exponentially for ω2 < 0
which yields either expansion or contraction showing dy-
namical instability of stellar model. In Newtonian limit, we
explore the ranges of instability for both charged (Figure
1) as well as uncharged cylinder (Figure 2). Since the ra-
dius of stability is a factor of R∗, so physically interesting
results can be obtained if R
R∗
> 0. For charged cylinder,
we find unstable radii corresponding to smaller values of
charge. The system becomes stable as charge increases. In
case of uncharged cylinder, dynamical instability occurs for
c© 2017 RAS, MNRAS 471, 1215–1221
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Figure 1. Plot of R
R∗
for dynamical stability/instability of
charged cylinder in Newtonian limit.
-4 -2 0 2 4
-2
0
2
4
G
R R *
Figure 2. Plot of R
R∗
for dynamical stability/instability of un-
charged cylinder in Newtonian limit.
Γ < −1.125. It is obvious from the graph that for Γ > − 9
8
,
the resulting radius of stability is greater than R∗.
We obtain the following condition for dynamical in-
stability of relativistic gaseous masses including charge as
θ1 → 0
Γ +
3
4
(
3
2
+ 27Q2
)
<
57
42
θ21 =
57
42
[
R
a2
− b
2
R2
]
. (54)
We can write
R <
57
42
[
Γ + 3
4
(
3
2
+ 27Q2
)] [2GM
c2
− GQ
2
Rc4
]
, (55)
which leads to
R
R∗
<
K[
Γ + 3
4
(
3
2
+ 27Q2
)] , (56)
where K = 57
42
for the homogeneous cylinder. This means
that if Γ exceeds − 3
4
(
3
2
+ 27Q2
)
by a small amount, the dy-
namical instability can be prevented till the mass contracts
to radius R∗. The gaseous cylinder remains stable if its ra-
dius is larger than R∗. The ranges of instability for charged
homogeneous cylindrical system are shown in Figure 3. It
can be seen that the radius of stability is greater than R∗
for Γ > −1 in pN limit. We also discuss the criteria and
ranges of instability for uncharged cylinder (Figure 4). It is
found that R
R∗
> 0 when Γ exceeds − 9
8
by a small amount
showing stable cylindrical configuration. It is observed that
Γ < −1.125 leads to un-physical results as R
R∗
< 0.
5 OUTLOOK
This paper is devoted to study the influence of electric
charge on dynamical instability of collapsing cylinder. We
have followed Eulerian and Lagrangian approaches to find
linearized dynamical equations as well as perturbed pres-
sure. This perturbed pressure has been obtained in terms
Figure 3. Plot of R
R∗
for dynamical stability/instability of
charged homogeneous cylinder.
-4 -2 0 2 4
-4
-2
0
2
4
G
R R *
Figure 4. Plot of R
R∗
for dynamical stability/instability of ho-
mogeneous uncharged cylinder.
of adiabatic index by taking conservation of baryon num-
bers. A variational principle has been developed to formu-
late characteristic frequencies of oscillation which refers to
the criteria of dynamical instability for gaseous cylinder. We
have also discussed conditions for dynamical instability by
taking a homogeneous model for cylinder.
We have computed particular values of radii as well as
adiabatic index Γ to investigate the marginal stability of
homogeneous cylinder (Table 1). It is found that Γ takes
finite values greater than or equal to − 3
4
(
3
2
+ 27Q2
)
for Q =
0.4 and q = 0.5 in Newtonian limit. In pN limit, R
R∗
remains
positive for Γ > 0 showing marginal stability of gaseous
cylindrical model. We have also discussed the criteria for
onset of dynamical instability of gaseous masses.
In Newtonian limit, we have explored the ranges of in-
stability for both charged (Figure 1) as well as uncharged
cylinder (Figure 2). There is an extensive literature available
for dynamical instability of cylindrical gaseous systems us-
ing different techniques in Newtonian limit. Nakamura et al.
(1993) studied dynamical instability of self-gravitating cylin-
drical gaseous cloud by means of normal mode analysis and
found unstable solutions against various types of perturba-
tions. Hanawa et al. (1993) discussed fragmentation of cylin-
drical moleculer cloud with axial magnetic field on the basis
of a magnetohydrodynamical stability analysis and found
that the presence of magnetic field or rotation shortens
the wavelength of most unstable mode. Matsumoto et al.
(1994) studied dynamical instability of a self-gravitating
magnetized cylindrical cloud by taking rotation around its
axis which suffers from various instabilities. Fiege & Pudrit
(2000) explored dynamical instability of molecular cylindri-
cal clouds threaded by helical magnetic fields and found that
all filamentary molecular clouds initially in equilibrium state
cannot be made to undergo radial collapse by increasing the
external pressure. Toci & Galli (2015) discussed dynamical
c© 2017 RAS, MNRAS 471, 1215–1221
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instability of cylindrical polytropic filaments and found that
the cylindrical polytropes converge at large radii.
In our analysis, the gaseous cylinder remains stable as
long as its radius is larger than R∗ but becomes unsta-
ble as its radius contracts to the radius R∗. For charged
cylinder, dynamical instability occurs for smaller values of
charge whereas the system becomes stable by increasing
charge. The resulting radius of stability is greater than R∗
for Γ > − 9
8
in case of uncharged cylinder while the dy-
namical instability occurs for Γ < −1.125. It is mentioned
here that electric charge plays a substantial role to increase
stability of cylindrical system as the gaseous mass is more
stable in Newtonian limit for larger values of charge.
In pN limit, the gaseous cylinder undergoes dynamical
instability if Γ exceeds − 3
4
(
3
2
+ 27Q2
)
by a small amount.
It is found that Γ > −1 and Q > 0.3 provide valid ranges
of radii for the stability of cylinder whereas only unstable
radii exist corresponding to Γ < −1 and Q < 0.3 (Figure
3). There is no effect of dissipation on stability of collapsing
system in this case. It is worth mentioning here that the
gaseous cylinder becomes unstable forever for smaller values
of charge. For uncharged cylinder, we have found that Γ
exceeds − 9
8
by a small amount showing stable cylindrical
configuration (Figure 4). It is observed that R
R∗
< 0 for
Γ < −1.125 leading to un-physical results. It is mentioned
here that the cylindrical system is more stable in Newtonian
limit (Figure 1) for larger values of charge as compared to
the post-Newtonian limit (Figure 3). We conclude that the
presence of electromagnetic field plays a remarkable role in
the emergence of stability of gaseous cylinder.
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